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Abstract

Many researchers are devising algorithms for task placement in distributed systems,

but few are designing the necessary mechanisms to provide the information required

by those algorithms. Fundamental to these mechanisms is an accurate means for

information exchange between distributed systems.

The messiahs project investigated the construction of a set of mechanisms to sup-

port task placement in autonomous, heterogeneous, distributed systems. In this paper

we describe the semantics of the protocols used to exchange system state information

within messiahs, and develop formal models to prove that the protocols accurately

propagate system description information throughout the system.
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1 Introduction

Large collections of computing resources typically exist in commercial, academic, and govern-
mental installations. Even greater resources are available when metasystems are constructed
from multiple organizations’ computing equipment. Metasystems combine heterogeneous
computing resources from multiple administrative domains, and may scale to many thou-
sands of hosts and millions of users. However, the organizations comprising a metasystem
are likely to have different policies and goals for the use of their equipment which would
normally preclude their shared use. Indeed, within organizations there are typically different
administrative groupings of computing resources with conflicting policies.

To take full advantage of large-scale distributed computing, it is necessary to assign
tasks to processors in such a way that these multiple, localized policies are accommodated.1

Placement algorithms take a set of tasks and a description of the underlying multicomputer
and devise an assignment of tasks to processors according to one or more optimizing criteria.
Many researchers, including Sarkar [1], Lo [2, 3], Stone [4], Blake [5], Berman [6], and
Weissman [7] have devised such algorithms.

However, most work in this area concentrates on policy decisions and assumes that mech-
anisms are available to support the proposed algorithms. We are investigating mechanisms
to connect and support task placement in autonomous, heterogeneous, distributed systems.
Examples of such support mechanisms are methods of describing tasks and processors, prim-
itives to control the execution of tasks, and facilities to exchange state information among
resource management modules within the distributed system. This last facility, information
exchange, is necessary to provide the placement algorithms with accurate system descriptions
as input.

To avoid overtaxing the underlying systems, and to ensure the scalability of the informa-
tion exchange mechanisms, we have devised a technique of representing the state information
for multiple systems in constant space [8]. One side effect of this process is that source in-
formation is lost—if the same state advertisement arrives at a site on two different paths,
the receiver cannot recognize the messages as duplicates. In such an environment, If sched-
ule writers are to have confidence that their schedulers function correctly, the underlying
information dissemination mechanisms must perform properly. This means that the sup-
port mechanisms must not compromise the validity of advertised state information, either
through overestimation or underestimation of available resources. In this paper, we define
two aspects of proper state dissemination, called completeness and correctness, and develop
a model for structuring dissemination patterns in distributed systems.

Using this model, we propose state dissemination rules for distributed systems with
three different structures. We then prove that the rules are both complete and correct, and
therefore will accurately provide data for scheduling algorithms. These dissemination rules
have been implemented within the messiahs

2 scheduling support system [8, 9], and we are
applying the lessons learned as we construct resource management facilities for the Legion
metacomputing system [10].

Section 2 gives a brief introduction to the messiahs system and describes the hierarchical

1The process of task palcement is also called scheduling.
2
Mechanisms Effecting Scheduling Support In Autonomous, Heterogeneous Systems.
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Figure 1: A subset of the machines in the UVa CS Dept.

structuring that forms the basis for the state dissemination rules. Section 3 lists definitions
and notation that will be used to prove the integrity for the rules; the proofs appear in
sections 4, 5, and 6. Section 7 describes some heuristics for choosing which of the dissemi-
nation rules should be used for a particular distributed system. Finally, section 8 gives our
conclusions.

2 Background: the messiahs System

We have stated that properly functioning scheduling support mechanisms will not alter state
information as it flows through a distributed system. This change could be in the form of
overestimation (e.g., including the capabilities of a single machine twice) or underestimation
(e.g. failing to include a correctly reporting machine). To understand how such alterations
could occur, we must first examine the messiahs distributed system architecture.

Our target systems are structured in a hierarchical fashion based on administrative do-
mains. A virtual system is composed of a set of subordinate virtual systems. Within each
of these sets there can be many machines, which could be further grouped into virtual sys-
tems. At the lowest level, each machine is the sole member of a virtual system. We call an
encapsulating virtual system a parent, and a subordinate system a child. Children with the
same parent are called siblings.

We represent our systems with acyclic, directed graphs, with encapsulating virtual sys-
tems as interior nodes and machines as leaf nodes. Each node is the root of a graph rep-
resenting a virtual system, and is itself a virtual system. In some cases, the virtual nodes
map directly onto machines, and in other cases they do not. For example, figure 1 displays
part of the administrative structure at the University of Virginia Department of Computer
Science. Within the department, there are several generally accessible machines such as
Adder and Mamba, as well as several research projects. One of these project is the Legion
project, which has administrative authority over a set of machines including Ogion, Kargad,
and Yevaud.

messiahs attempts to sacrifice the least autonomy for participating systems. There are
four types of autonomy in distributed systems, as defined in [11, 12, 13], and refined in
[14]: execution autonomy, communication autonomy, design autonomy, and administrative
autonomy. Execution autonomy allows each system to decide whether it will honor a request
to execute a task; each system also has the right to revoke a task that it had previously
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accepted. Communication autonomy allows each system to decide the content and frequency
of state advertisements, and any other messages it sends. A system is not required to
advertise all its capabilities, nor is it required to respond to messages from other systems.
Design autonomy gives the architects of a system freedom to design and construct it without
regard to existing systems, yielding heterogeneous systems. Administrative autonomy allows
each system to have its own usage policies and behavioral characteristics, independent of
any others. In particular, a local system can run in a manner counterproductive to a global
optimum. In the usual case, scheduling modules will cooperate, but administrators must be
free to set their local policies or experience shows they will not participate in the distributed
system [15, 16].

In messiahs, each virtual system in the hierarchy has a scheduling support module that
is responsible for maintaining the set of information required by the scheduling policy. To
accomplish this, the scheduling module communicates with neighboring scheduling modules
in the system to exchange state information and processing requests. The scheduling module
controls task placement for tasks passing into its subdomain–a user on Mamba running a
task on Ogion must have the approval of both the Legion and Ogion scheduling modules.
Our method for supporting scheduling decisions has three main parts: the system description
vector, the task description vector, and the update protocol used to communicate between
systems. System description vectors contain state description information, including system
processing load, memory statistics, processing capabilities, and storage capacities. Task
description vectors describe the resources required by a task. The update protocol sends
system description vectors between modules.

The model for update flow is that a module collects several description vectors, adds
information describing the local system, and condenses the resulting set of description vectors
into one vector of constant size to facilitate scalability. This is achieved through a statistical
representation of system capabilities, as seen in [8]. During this process, the system can alter
the information content of the vector in one of three ways: the system can underestimate
resources, overestimate resources, or change values within the description vectors that do
not represent quantities.

Although allowing the underestimation of resources seems counterproductive at first in-
spection, it is necessary to support communication autonomy. For example, a research group
might wish to make a group of workstations available to outside agencies for general purpose
computation, but to allow only members of the research group access to a parallel proces-
sor. Communication autonomy allows the research group to prohibit advertisement of the
parallel processor’s resources outside the research group. Underestimation of resources will
not cause tasks to be erroneously scheduled, but it might leave resources underutilized.

For example, Kargad is a multiprocessor workstation and is reserved for use by Legion
group members. Yevaud and Ogion are available for external use. Thus, the Legion schedul-
ing module would advertise Ogion’s and Yevaud’s capabilities to the outside world (UVa CS,
Adder, and Mamba), but Legion would not advertise Kargad. Kargad might sit idle while
Adder and Mamba are overloaded, but that is perfectly acceptable.

Therefore, the communication mechanisms assume that systems can and will underesti-
mate resources in support of communication autonomy. However, systems are not expected
to overestimate or change resource information. Policies can be written that violate these
assumptions, but no assurances can be made about the performance of such policies. The key
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Figure 2: Global and local completeness

attribute we wish to show is the inverse of the well-known “garbage in, garbage out” prin-
ciple: given correct description data, sound mechanisms will faithfully propagate that data
throughout the distributed system. This is a classic separation of policy from mechanism—
policies determine the input data, and the mechanisms disseminate that data. All further
discussion of soundness in this paper focuses on the mechanisms.

3 Definitions and Notation

We define sound information dissemination mechanisms to be those that guarantee exactly
once semantics—information advertised by a host reaches every other host within the sys-
tem exactly once. There are two aspects of exactly once semantics: guaranteeing that
advertised information reaches all other nodes within the system, defined here as complete-
ness, and guaranteeing that information is not duplicated during advertisement, defined here
as correctness. The correctness constraint arises from one of the basic assumptions for the
information dissemination mechanisms: overestimation of system resources must be avoided.

We distinguish between two subtypes of completeness: global completeness and local com-
pleteness. Information advertised with a globally complete state dissemination mechanism
reaches all other nodes within the entire distributed system, while a locally complete mecha-
nism guarantees that advertised information reaches all other nodes with the same root. As
an example distinguishing local completeness from global completeness, consider figure 2.
The system rooted at a contains the nodes {a, b, c, d}, and the system rooted at e contains
the nodes {b, e}. With a globally complete mechanism, information advertised by e will
reach a, b, c, and d. With a locally complete mechanism, that information will only reach
b. Similarly, with a globally complete mechanism, an advertisement by d reaches e, but not
with a locally complete mechanism.

At first glance, a locally complete mechanism might seem less desirable than a globally
complete mechanism. However, the administrative hierarchies that give rise to the system
structure provide a motivation for local completeness. In terms of administrative domains,
b is a shared resource jointly administered by e and a. By joining with e to administer b,
a has not granted e the right to use a, c, or d. Local completeness allows administrators
to automatically restrict data advertisements and scheduling requests to a rooted subgraph,
provides autonomy support, and can form the basis for security mechanisms. For example,
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an industry consortium might purchase collective computing resources for use by the group,
but not want the individual members’ resources to be visible to other members.

Our proofs use a multiset notation to denote the system description vectors passed be-
tween systems. A multiset is simply aset that may contain duplicate elements. Even though
the actual data passed through the update vector is untagged, the model uses the name of a
system to represent its capabilities in the multiset. For example, the set {a, b, c} represents
a description vector that contains the capabilities of the distributed system combining a, b,
and c. This notation makes it obvious when a description vector violates the correctness
constraint by including a node’s capabilities multiple times, because the name of the node
appears multiple times in the multiset.

We define four operators on multisets: ], ∩, \, and ‖‖. The operator ] is the multiset
union operator with duplicate inclusion. For example, {a, b} ] {a, c} = {a, a, b, c}. The ]
operator models the coalescing of two system description vectors into one. The notation
⊎

i ∈ range Si represents the mapping of the ] operator over multiple multisets, and φ denotes
the empty multiset. \ is the difference operator for multisets, and is defined to remove as
many instances of an item from the first set as appear in the second set, e.g. {a, a, b, c} \
{a, b, d} = {a, c}. The intersection operator for multisets, ∩, yields a multiset containing the
lesser number of each element common to two multisets, e.g. {a, b} ∩ {b, b, c} = {b}. The ‖‖
operator returns the cardinality of the multiset, e.g. ‖{a, a, b}‖ = 3.

The next three sections contain proofs of semantics for various distributed system archi-
tectures, including common cases such as tree-structured systems.

4 Tree-structured Systems

This section defines and proves properties of update semantics for tree-structured systems.
We use standard definitions for graph notation, with a graph G being composed of a set of
vertices V and a set of directed edges E . An individual edge in the graph is denoted by
listing its endpoints, e.g. an edge from vertex v1 to vertex v2 is written (v1, v2).

Tree-structured graphs are motivated by existing administrative domains. The typical
administrative domain within an organization is tree-structured, for example, the depart-
mental structure in figure 1. Thus, these rules optimize for the expected case.

4.1 Combining Rules

For a node x, equations 1 through 6 give definitions for the sets containing the x’s parent
(Pax), children (Chx), siblings (Six), ancestors (Anx), descendants (Dex), and the root
(Rox) of the tree containing x.

Pax = {p | (p, x) ∈ E} (1)

Chx = {c | (x, c) ∈ E} (2)

Six = {s | (∃p | (p, x) ∈ E , (p, s) ∈ E , s 6= x)} (3)

Anx = {a | a ∈ Pax or (∃p | p ∈ Pax, a ∈ Anp)} (4)

Rox = {r | (r = x or r ∈ Anx), Par = φ} (5)
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Figure 3: A tree-structured distributed system

Table 1: Example U and D sets

Ua = {a, b, c, d, e, f} Da = {a}
Ub = {b, d, e} Db = {a, b, c, f}
Uc = {c, f} Dc = {a, b, c, d, e}
Ud = {d, e} Dd = {a, b, c, d, f}
Ue = {e} De = {a, b, c, d, e, f}
Uf = {f} Df = {a, b, c, d, e, f}

Dex = {d | x ∈ And} (6)

Each system computes two sets of system status data to be passed to its neighbors. The
U set is passed up to the system’s parents and sideways to its siblings, and the D set is passed
down to its children. The mechanisms may actually compute a separate set, S, for siblings,
but in the case of tree-structures systems, this is the same as the set U . The notation Ux and
Dx refers to the sets maintained by a system x within a tree-structured system. Equations 7
and 8 define these recursively in terms of the structure of the system. In practice, the total
data stored for outgoing update vectors is independent of the number of children or siblings
for a node, which helps to bound the resource usage of the mechanisms.

Ux = {x} ]





⊎

i ∈ Chx

Ui



 (7)

Dx = {x} ]





⊎

j ∈ Pax

Dj



 ]





⊎

k ∈ Six

Uk



 (8)

Informally, the U vectors include the description of the node and the U vectors from all
its children. The D vector includes the description of a node, the D vector from its parent,
and the U vectors from all of its siblings. The U and D vectors for the example system in
figure 3 are in table 1. In terms of a subtree rooted at x, Ux describes the capabilities for
all systems inside the subtree, and Dx describes the capabilities of all systems outside the
subtree, plus the capabilities of x.
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4.2 Proofs of Semantics

This section contains proofs that the mechanisms defined in equations 7 and 8 are globally
complete3 and correct. To prove that the semantics are complete, we must prove that a datum
advertised by a node will reach all other nodes in the tree. To prove that the semantics are
correct, we must prove that datum reaches other nodes at most once.

The following steps provide an outline of the proof:

1. prove that a system appears in a node’s U vector if and only if the system is a member
of the subtree rooted at the node,

2. prove that a system appears in a node’s D vector if and only if that system is not a
descendant of the node,

3. prove that no system appears more than once in a U vector, and

4. prove that no system appears more than once in a D vector.

Steps one and two prove completeness, and steps three and four prove correctness of the
semantics for tree-structured systems. For tree-structured graphs, local and global com-
pleteness are the same.

Lemma 1 (y ∈ Ux)⇔ (y = x or y ∈ Dex)

The U vector for a node represents the node and its descendants, and only the
node and its descendants.

Proof (by induction): Recall the definition of Ux in equation 7. First comes the
proof of the ⇒ implication.

For a leaf system, Ux = {x}, and the implication holds. This is the
base case. For a non-leaf system, the induction step assumes that the
implication is true for all children of x. Thus, ∀c ∈ Chx, Uc contains
only descendants of c, and c itself. The second term of equation 7 adds
only children of x and their descendants, which are also descendants
of x. Therefore the second clause of the implication holds, and the ⇒
case is true.

Now for the ⇐ implication:

By definition, x is always in Ux, so we need only prove that all de-
scendants of x are members of Ux. At a leaf node there are no descen-
dants, so the base case is proven. For the induction step, we assume
that the implication holds for all children of x. Therefore, the second
term in the definition of Ux adds all children of x, and all of their
descendants, which is to say it adds all the descendants of x. Thus,
y ∈ Dex ⇒ y ∈ Ux. 2

3For tree-structured graphs, local and global completeness are the same.
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Lemma 2 y ∈ Dx ⇔ y 6∈ Dex

Any system that appears in Dx is not a descendant of x, and all non-descendants
of x appear in Dx

First comes the proof of the ⇒ implication.

Proof (by induction): At the root, Dx = {x}. By definition, x 6∈ Dex.
For the induction step, assume that the lemma is true for the parent
of the node x. Suppose that the lemma is false for x, i.e. ∃y such
that y ∈ Dx and y ∈ Dex, and examine each of the three terms in
the definition of Dx. y cannot be x, as x 6∈ Dex by definition. y

cannot come from the second term, as that would violate the induction
assumption. From lemma 1 and the fact that the U vectors for siblings
are disjoint because of the tree-structure of the graph, y cannot come
from the third term. Therefore, y cannot exist, and the lemma is true
for x in the inductive step. 2

Now comes the proof of the ⇐ implication.

Proof (by induction): At the root, Dx = {x}. Because x is the root,
all other nodes are descendants of x, so the base case is true. For the
induction step, we partition the set of non-descendants of x into two
groups: those that are not descendants of x’s parent, p, and those that
are descendants of p. The induction step assumes the implication holds
for p.

All non-descendants of p are also non-descendants of x, and because
of the induction assumption, are included in Dx by the second term in
the definition of Dx. This leaves the descendants of p for consideration.
From the ⇐ implication of lemma 1, all siblings of x and their descen-
dants are included by the third term in Dx. By definition, x ∈ Dx.
Therefore, all descendants of p that are not descendants of x appear in
Dx.

Therefore, all non-descendants of x appear in Dx. 2

Theorem 1 The Completeness Theorem for Tree-Structured systems:
Information describing each node reaches every other node within the system, using rules 7
and 8.

Proof: By lemma 2, information describing all non-descendants of a node x

appears at x. By lemma 1, information describing all descendants of x is visible
to x. As x knows about itself, x receives a description of all nodes in the system,
and the semantics are (globally and locally) complete. 2

The next two lemmas are crucial in establishing correctness. These lemmas state that U

and D vectors do not contain duplicate entries.
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Lemma 3 ∀y ∈ Ux, y 6∈ (Ux \ {y})
(No system is represented more than once in a U vector.)

Proof (by induction): At a leaf, Ux = {x}, and the lemma is true. Assume that
the lemma is true for all children of a node x.

If the lemma is false, then ∃y | y ∈ (Ux \ {y}). Based on equation 7, either
y = x and x ∈ Uc for some child c of x, y appears in the U vectors of multiple
children of x, or a child of x has duplicates in its U vector. From lemma 1,
x ∈ Uc ⇒ x ∈ Dex, which cannot be in an acyclic graph. Likewise, the tree-
structure of the graph means that the U vectors for two children of a node are
disjoint, so y cannot appear in the U vectors of multiple children of x. The
induction assumption precludes the third possibility. Therefore, y cannot exist,
and the lemma is proven. 2

Lemma 4 ∀y ∈ Dx, y 6∈ (Dx \ {y})
(No system is represented more than once in a D vector)

Proof (by induction): At the root, Dx = {x}, and the lemma is true. For the
induction assumption, assume that the lemma is true for the parent of a node.

If the lemma were false, then ∃y | y ∈ (Dx \ {y}). Based on equation 8, one of
the following must be true:

1. x ∈ Dp for p ∈ Pax (interaction of the first and second terms)

2. x ∈ Uk for some k ∈ Six (interaction of the first and third term)

3. Dp ∩Uk 6= φ for p ∈ Pax and some k ∈ Six (interaction between the second
and third terms)

4. Uj ∩Uk 6= φ for some j, k ∈ Six, j 6= k (interaction between two members of
the third term)

Lemma 3 and the induction assumption eliminate the possibility of duplicates
within a single incoming vector. By lemma 2, (1) cannot be true. For x to
appear in a sibling’s U vector, x would must be a descendant of its sibling, which
violates the tree structure of the graph; this eliminates case (2). For (3) to hold,
a system simultaneously be a descendant of p (corollary of lemma 1 and the fact
that k ∈ Chp) and also not be a descendant (lemma 2). Therefore, (3) cannot
hold. The disjointedness of U vectors for siblings eliminates case (4).

Thus, y cannot exist and the lemma is proven. 2

Theorem 2 The Correctness Theorem for Tree-Structured Systems:
No system’s attributes appear in any update vector more than once, using rules 7 and 8.

Proof: Lemma 3 states that no system appears more than once in a U vector. By
Lemma 4, no D vector has duplicate entries. From lemmas 1 and 2, the D and
U vectors arriving at a node are disjoint, and they do not contain the node it-
self. Therefore, the semantics for combining update vectors will not overestimate
system resources, and are thus correct. 2
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In theorems 1 and 2, we have shown that an update protocol based upon the combining
rules presented here will accurately disseminate system description information through a
tree-structured distributed system.

5 A Subclass of Non-tree-structured DAG

Equations 7 and 8 cannot be applied to more general directed acyclic graphs—if a node has
two parents with a common ancestor, the capabilities of the system will be overestimated
(see the example in figure 4). Such organizational structures appear in practice when two
research projects, e.g. b and c, pool funds to purchase a single machine, d. Both research
projects have the machine within their administrative hierarchy. The resulting erroneous
U and D sets are in table 2. Ua and Dd violate the correctness constraint because they
overstates resources—the two paths between a and d cause this.

ae

b

d

c

Figure 4: A non-tree-structured system

Table 2: Erroneous U and D sets for figure 4.3

Ua = {a, b, c, d, d} Da = {a}
Ub = {b, d} Db = {a, b, c, d, e}
Uc = {c, d} Dc = {a, b, c, d}
Ud = {d} Dd = {a, a, b, b, c, c, d, d, d, e}
Ue = {b, d, e} De = {e}

5.1 A Refinement: Primary Parents

Introducing the notion of primary parents for each system and modifying the U and D vector
definitions solve this problem. First, we select a subset of the edges in the graph that would
form a spanning tree if they were undirected. Second, we designate the links that form the
spanning tree as primary links. A path composed of primary links is a primary path. A
primary link joins a primary parent to a primary child.

The notions of primary ancestor, primary descendant, and primary sibling are analogous
to the notions of ancestor, descendant, and sibling defined earlier. Equations 9 through 13
define the sets of primary parents, children, siblings, ancestors, descendants, and roots for a
node.

PPx = {p | (p, x) ∈ E , and (p, x) is a primary link} (9)

PCx = {c | (x, c) ∈ E , and (x, c) is a primary link} (10)
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PSx = {s | (∃p | p ∈ PPs, p ∈ PPx, s 6= x)} (11)

PAx = {a | a ∈ PPx or (∃p | p ∈ PPx, a ∈ PAp)} (12)

PDx = {d | x ∈ PAd} (13)

PRx = {r | (r = x or r ∈ PAx), PPr = φ} (14)

The primary links must have the following properties:

1. (no common ancestor) A node may have more than one primary parent, but no two
primary parents of a node may share a common ancestor.

2. (preservation of roots) For any node x, if a root R ∈ Rox in the original graph, then
R ∈ PRx in the resulting graph.

Section 5.3 describes a method for choosing primary links that meet these criteria.
For example, in figure 4, b has two parents, a and e, which do not have a common

ancestor, so both a and e may be primary parents of b. In contrast, both of d’s parents, b

and c, have a common ancestor in a, and therefore they cannot both be primary parents for
d.

The proofs and semantics presented here assume that a proper set of primary links has
already been selected for the graph. As a result, a primary path exists from each node to all
of its roots, and there is exactly one primary path between any two nodes within the system.
This does not reduce directly to the tree-structured case, because the links in the primary
path do not necessarily form a directed spanning tree. Also, although it is not propagated,
information still flows across non-primary links.

The combining rules for primary parents resemble those for tree-structured systems, with
the following exceptions: only primary parents and primary siblings of a node incorporate
U updates from that node; similarly, only primary children of a node incorporate its D

updates. Other parents, children, and siblings receive the updates and can use them to
make scheduling decisions, but do not include them in the computation of their own update
vectors. Equations 15 and 16 incorporate the primary parent into the definitions of the U

and D vectors. As in tree-structured systems, the data storage requirements for outgoing
vectors are constant because.

Ux = {x} ]





⊎

i ∈ PCx

Ui



 (15)

Dx = {x} ]





⊎

j ∈ PPx

Dj



 ]





⊎

k ∈ PSx

Uk



 (16)

In figure 5, the solid arrows represent the primary links, and the dashed line is a non-
primary link between c and d. The U and D vectors for figure 5 are in table 3.

5.2 Proofs of Semantics for Primary Parents

This section proves that the semantics defined in equations 15 and 16 are correct and locally
complete for DAG-structured systems that fulfill the constraints outlined previously.

Once again, there are four steps to the proofs of correctness and completeness:
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Figure 5: A non-tree-structured system with primary parents

Table 3: U and D sets

Ua = {a, b, c, d} Da = {a}
Ub = {b, d} Db = {a, b, c, e}
Uc = {c} Dc = {a, b, c, d}
Ud = {d} Dd = {a, b, c, d, e}
Ue = {b, d, e} De = {e}

1. prove that a system appears in a node’s U vector if and only if the system is a member
of the primary subtree rooted at the node,

2. prove that a system appears in a node’s D vector if and only if that system is not a
primary descendant of the node, but shares a common primary root with the node,

3. prove that no system appears more than once in a U vector, and

4. prove that no system appears more than once in a D vector.

The first lemma states that the U vector for a node represents only the node itself, and
all the node’s primary descendants. The second lemma says that a host is represented in a
node’s D vector if and only if

1. the host is not a primary descendant of the node and

2. the host and the node share a common primary root.4

Lemma 5 (y ∈ Ux)⇔ (y = x or y ∈ PDx)
(A system appears in the U vector for a node if and only if the system is a primary descendant
of the node, or the system and the node are the same.)

The proof follows the same form as that for lemma 1, considering primary de-
scendants instead of descendants.

4In the case of tree-structured graphs, this condition was met by all nodes because there was a single

root. In the more general case, there may be multiple roots.
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Lemma 6 y ∈ Dx ⇔ (y 6∈ PDx) and (PRx ∩ PRy 6= φ)
(A system appears in the D vector for a node if and only if the system is not a primary
descendant of the node, and the system and the node share a primary root.)

Proof (by induction):

⇒ implication:

At the root, Dx = {x}. By definition, x is not a primary descendant
of itself. Also by definition, x is its own primary root, so the lemma
holds in the base case.

For the induction step, assume that the lemma is true for all primary
parents of the node x. Choose a node y ∈ Dx, and examine the three
terms of Dx from which y could arise. If y = x, the implication is
true from the definition of PDx. If y comes from the second term
in the definition of Dx, then the induction assumption applies. If y

comes from the third term, then from lemma 5, y is not a primary
descendant of x. Because any two nodes that share a primary ancestor
share a primary root, PRy ∩ PRx 6= φ. Therefore, the ⇒ implication
holds.

⇐ implication:

At the root x, the only node not a primary descendant of x that shares
a primary root with x is x itself, and x ∈ Dx. This is the base case.

For the induction step, assume the implication is true for all parents
of x. From the assumption, all nodes with the same roots as x that
are not descendants of x’s primary parents are included in Dx. From
the definition of Dx, lemma 5, and the spanning tree imposed by the
primary links, all primary siblings of x and their primary descendants
appear in Dx. Therefore, the ⇐ implication is true.2

Theorem 3 The Local Completeness Theorem for Primary Parents: Information describing
each node reaches every other node with the same primary root, under rules 15 and 16.

Proof: By lemma 6, information describing all non-descendants of a node x, that
share a primary root with x, appears at x. By lemma 5, information describing
all descendants of x is visible to x. Because x knows about itself, x receives a
description of all nodes in the system with the same primary root. 2

The proof of correctness for primary parents uses two lemmas showing that neither U

nor D vectors have duplicate entries.

Lemma 7 ∀y ∈ Ux, y 6∈ (Ux \ {y})
(No system is represented more than once in a U vector.)

This proof follows the same form as the proof for lemma 2, considering primary
children instead of children.
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Lemma 8 ∀y ∈ Dx, y 6∈ (Dx \ {y})
(No system is represented more than once in a D vector)

Assume ∃y|y ∈ (Dx \ {y}). Then, based on equation 16, one of the following
must be true:

1. x ∈ Dp for some p ∈ PPx (interaction of the first and second terms)

2. x ∈ Uk for some k ∈ PSx (interaction of the first and third term)

3. Dm ∩ Uk 6= φ for m ∈ PPx and some k ∈ PSx (interaction between the
second and third terms)

4. Dj ∩ Dk 6= φ for any j, k ∈ PPx, j 6= k (interaction between two members
of the second term)

5. Uj ∩ Uk 6= φ for any j, k ∈ PSx, j 6= k (interaction between two members of
the third term)

By lemma 6, (1) cannot be true. Lemma 5 and the imposition of a spanning tree
by the primary parent links eliminate cases (2) and (5). For (3) to hold, a system
must simultaneously be a descendant of p (corollary of lemma 5 and the fact that
k ∈ PCp) and also not be a descendant (lemma 6). Therefore, (3) cannot hold.
If (4) were true, then the two primary parents j and k must share a common
root (lemma 6), and thus could not both be primary parents of x because of the
spanning tree imposed by the primary links.

Thus, a contradiction is reached and y cannot exist, so the lemma is proven. 2

Theorem 4 The Correctness Theorem for Primary Parents: No system’s attributes appear
in any update vector more than once using rules 15 and 16.

Proof: Lemma 7 states that no system appears more than once in a U vector. By
lemma 8, no D vector has duplicate entries. From lemmas 5 and 6, the vectors
arriving at a node are disjoint. Therefore, the semantics for combining update
vectors will not overestimate system resources, and are thus correct. 2

Theorems 3 and 4 show that the update protocol presented here will correctly and with
local completeness disseminate system description information through a DAG-structured
distributed system that meets the constraints detailed in the next section.

5.3 Constraints on Primary Parents

The proofs in the previous section assume that a spanning tree has already been imposed on
the graph representing the system. However, this may not always be possible to do and still
retain local completeness. This section defines a subclass of directed acyclic graphs for which
spanning trees can be imposed without loss of local completeness. We call a spanning tree
that preserves local completeness a viable spanning tree, and a graph with a viable spanning
tree a viable graph.
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Figure 6: A distributed system and two spanning trees

We first examine situations in which the primary parent mechanism fails. For example,
consider figure 6. The graph in part (a) represents a distributed system with multiple
spanning trees. Sub-figures (b) and (c) represent the two choices for e’s primary parent.
Choosing c as the primary parent, represented in sub-figure (b), provides local completeness,
because each node in the spanning tree is a primary descendent of all roots of which it was
a descendant in the original graph. In sub-figure (c), e is not a primary descendant of a, so
information describing e will not reach a. Therefore, only (b) represents a viable spanning
tree for this system.

a b c

d e

f

(a)

a b c

d e

f

(b)

a b c

d e

f

(c)

Figure 7: A distributed system with no viable primary parents

The graph depicted in figure 7 part (a) has no spanning tree that allows for local complete-
ness. If f makes e its primary parent (sub-figure (b)), then a will not receive a description
of f . If f makes d its primary parent (sub-figure (c)), then c will not receive information
describing f . There is no viable spanning tree for this graph.

A key observation is this: for a spanning tree to be viable, and to therefore preserve
completeness, it is necessary that a directed path from each of a node’s roots to the node
still exist in the subgraph covered by the spanning tree. The following predicate defines the
viability property of a directed graph.

viable(V, E)⇔ ∀v ∈ V, there exists a subset Pv of Pav such that
(

⋃

p∈Pv

Rop

)

= Rov; ∀p, q ∈ Pv Rop

⋂

Roq = φ

and the primary links resulting from making all
p ∈ Pv primary parents of v form a spanning tree
for the graph.

(17)

Recall that Rox is the set of x’s ancestors in the original graph that have no parents.
Thus, the first part of this definition is a statement of viability in terms finding an exact
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set cover of a node’s root set by its parents’ root sets. This is known to be an NP-complete
problem (see [17]).

check viable(R, C, P, Ro, i, lim)

1. if (C = Ro) return P;

2. for j in i . . . lim {

3. if (C ∩ Rj = φ) {

4. P ′ ← check viable(R, C ∪ Rj, P ∪ {j}, Ro, j+1, n);

5. if (P ′ 6= φ) return P ′;

6. }

7. }

8. return φ;

Figure 8: An algorithm to compute set covering for primary parents

Figure 8 contains a straightforward O(2n) algorithm, where n is the number of parents of a
node, to test all possible combinations of the parent sets for coverage. The number of parents
for a node is expected to be small, so this exponential growth is acceptable. This algorithm
assumes that the root sets of the parents are stored in the set R = {R1, R2, . . . , Rn}. The
algorithm takes as input the set R, a cover set C, a set of primary parents P, a root set to
be covered Ro, and two integers to act as counters and limit variables. It returns the list of
parents that create the cover set, if an exact cover is possible. A return value of φ indicates
failure.

Each node can independently determine if an exact cover set of its root set by its parents’
sets exists with a call

check viable(
⋃

p∈Pax
{Rop}, φ, φ, Rox, 1, ‖Pax‖).

This can be done in parallel, and the parallel running time is O(2m), where m = max(‖Pav‖), ∀v ∈
V. In practice, nodes have only a few parents (typically one or two), so the exponential run-
ning time of the algorithm is not an issue.

The set covering is a necessary condition for the graphs; it is not a sufficient condition to
prove viability, because graphs exist which have viable parent coverings, but whose primary
links do not form a spanning tree. For example, figure 9 has a viable parent set covering,
but the primary links for the covering include all the edges in the graph, and do not form a
spanning tree. f recieves a root set of {a} from c, and a root set of {b} from e. These form
a viable set covering for all of f ’s roots, so the graph is viable. However, d will receive two
copies of f ’s U vector, and vice versa, because of the two primary paths between f and d

(fcad and febd).
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Figure 9: A graph with a viable set covering with duplicate paths

To verify that the primary links associated with the resultant primary parent set form a
spanning tree for the graph, it is sufficient to show that there is unique path between nodes.
This can be accomplished through a variation on reverse-path flooding. The node initiating
the check broadcasts a status message with a unique token across all primary links. Nodes
that receive the message broadcast it out over all primary links except the one over which
the message was received. If a node receives the message twice, the primary links do not
form a spanning tree, and the node can send an error reply to the originator of the message.
This check will typically be made by a host attempting to join a distributed system.

6 General Directed Acyclic Graphs

Prior sections have described combination rules for certain subclasses of directed acyclic
graphs. This section gives globally complete and correct combination rules for general DAG,
with the tradeoff of higher computational and communication overhead.

6.1 General Combination Rules

First, a spanning tree is imposed on the graph using primary parents. The viability constraint
of the previous section does not apply; any spanning tree will suffice. Unlike the previous
semantics, these rules do not pass updates to siblings. Also, instead of sending the same
vector to multiple neighbors, these rules require a distinct update vector for each parent or
child. Thus, the storage and computational requirements are O(‖PPx‖+ ‖PCx‖) for a node
x. The rules for the update vector Uxn, passed from x to a neighbor n, are in equation 18.
Note that the name U does not indicate a direction of transfer in this case.

Uxn = {x} ]





⊎

p ∈ PPx,p6=n

Upx



 ]





⊎

c ∈ PCx,c6=n

Ucx



 (18)

The effect of this rule can be summarized as follows:

Over a link from x to y, send out information describing x and the sum of
information received by x on all other links.

Equation 18 employs the technique of a split horizon update found in network routing
protocols [18, 19].
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6.2 Proofs of General Rules

This section proves rule 18 globally complete and correct, given that a spanning tree has
been imposed on the graph.

Theorem 5 The Completeness Theorem: Information describing a node reaches all other
nodes in the system, under rule 18.

Proof: the first term of rule 18 advertises a node to all its neighbors. The second
and third terms of this rule propagate the information from one link to all other
links. Therefore, each system is advertised to its neighbors, and because of the
imposed spanning tree, the advertised information is propagated to all other
nodes within the system. 2

Theorem 6 The Correctness Theorem: No system’s attributes appear in any update vector
more than once using rule 18.

Proof: Assume that there exists some y that appears more than once in an update
vector for a node x. Under rule 18, only at a node y does the description infor-
mation for y enter the system; all other nodes only propagate the information.
Therefore, either y = x and x appears in one of the incoming update vectors, or
y appears in multiple incoming update vectors. The first indicates a cycle in the
update vectors, and the second indicates two paths between x and y. Neither of
these can occur in the presence of a spanning tree for a directed acyclic graph.
Therefore, y cannot appear twice, and the theorem is proved. 2

Theorems 5 and 6 demonstrate that the general semantics shown here are correct and
globally complete.

7 Structuring Heuristics and Implications

Given a collection of machines that will use the messiahs mechanisms to support distributed
computation, the question arises of how to best impose a distributed system structure using
the rules defined in this chapter.

The tree-structured rules are the simplest, require the least overhead, and apply to a ma-
jority of existing administrative domains where organizations do not collaborate to manage
a common resource pool. The typical case for a small department, in which all machines
are within a single domain, can be accommodated by making all the machines children of
single virtual node. A department of moderate size might have an umbrella domain for the
department as a whole, which encapsulates virtual systems for individual research projects,
such as in our original CS Department example in figure 1.

The primary-parent rules are appropriate for administering shared resources, if a viable
spanning tree can be determined. If no viable spanning tree can be determined, the general
rules will provide global completeness for any administrative structure.
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8 Conclusions

We are developing mechanisms to support scheduling in large distributed systems composed
of multiple autonomous administrative domains. It is necessary to provide sound mechanisms
to support the exchange of state information between machines in separate administrative
domains.

We have described a formal model for system update dissemination in distributed, hierar-
chical, autonomous systems. The model defines the completeness and correctness properties
for information dissemination in distributed systems, and uses a multiset-based notation to
represent description vectors in such systems.

This paper described three sets of rules for state dissemination in distributed systems
using the messiahs mechanisms. The first model is correct and globally complete for systems
structured as trees. The second model is correct and locally complete for systems structured
on a subclass of directed acyclic graphs in which nodes have at most one common ancestor.
The third and most general model is correct and globally complete for systems structured
as directed acyclic graphs.

These dissemination rules form the basis for the update protocol in the messiahs dis-
tributed scheduling support system. Because this system is based on provably sound dis-
semination rules, authors of scheduling algorithms who use the messiahs mechanisms can
be confident that the underlying mechanism will faithfully implement their policies.
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